Abstract New Hilbert-type discrete inequalities are presented by using new techniques in proof. By specializing the weight coefficient functions in the hypothesis and the parameters, we obtain many special cases which include, in particular, the discrete inequality derived by Hilbert and Hardy. Many improvements and generalizations of known results are given in this paper.
Introduction
The Hilbert's double series inequality is given as follows: (see [1, 2] ).
Let p > 1; q > 1; where p/sin(p/p) is the best possible constant.
Many inequalities, in general and different versions of the Hilbert inequality, in particular play a major role in mathematical analysis and applications. In recent years, considerable attention has been given to various extensions and improvements of the Hilbert inequality (1.1) (see Refs. [3] [4] [5] [6] [7] [8] [9] [10] ). The main purpose of this paper is to obtain some extensions of (1.1).
The main results
First, we introduce some lemmas. m a=b du and 0 6 u < 1.
Substituting u and dy in the right hand side of the above inequality, we get w 1 ðmÞ 6 1 a c
It follows from [9] and
Hence the lemma is proved. h
By a similar manner we can prove the following lemma. Then for (a, c > 0).
Proof. Using Ho¨lder's inequality, we have
ð2:6Þ By (2.1), (2.3) and (2.6), we get
Substituting by (2.2) and (2.4) in (2.7), we obtain
This completes the proof. h Remark 2.1.
1. Let p = q = 2 in (2.5), then we have
2. Let c = 1 in (2.5). Then we get which is a new Hilbert-type inequality. 3. Let a = b = 1 in (2.9), then we obtain
4. Let a = 1 in (2.9), then we have
5. Let a = b = 1 in (2.11), then we find
6. Let a = 4 in (2.10), then we get
On some generalizations of the Hilbert-Hardy type discrete inequalities7. Let a = b = 1, a = 1 in (2.8), then we have
8. Let c = 2 in (2.12), then we find
; c > 0 and p > 1 such that
define the weight coefficient w 1 (m) as follows:
Then we get
Proof. From (2.13), we have
Using definition of Beta function and
Hence the lemma is proved. h Lemma 2.5.
; c > 0 and p > 1 such that such that
Proof. Put the left hand side of the inequality (2.17) in the form:
Applying Ho¨lder's inequality to get the right hand side of the above inequality as follows:
ð2:18Þ
By (2.13), (2.15) and (2.18), we get
Substituting (2.14) and (2.16) of Lemmas 2.4 and 2.5 in (2.19), we obtain
This completes the proof. h Now, we discuss some special values for the parameters inequality (2.17) in order to obtain some known inequalities as special cases from our result.
Remark 2.2.
1. Let p = q = 2 in (2.17), then we get
2. Let a = b = 1 in (2.17), then we obtain
3. Let p = q = 2 in (2.20), then we get
ð2:21Þ
4. Let c = 1 in (2.21), then we have
which is Hilbert's double series inequality. 5. Let c = 2 in (2.21), then we have
6. Let a = b = 2 in (2.17), then we have
7. Let p = q = 2 in (2.22), then we have
8. Let c = 1 in (2.23), then we get
9. Let a = b = l in (2.17), then we have
10. Let p = q = 2 in (2.24), then we find
11. Let c = 1 in (2.25), then we have
12. Let c = 1 in (2.17), then we get
13. Let a = 1 in (2.17), then we have
14. Let p = q = 2 in (2.26), then we get
15. Let c = 1 in (2.27), then we have
16. Let b = 2 in (2.28), then we have
By introducing some parameters, a new form of HardyHilbert's inequality is given as follows:
ð2:29Þ
On some generalizations of the Hilbert-Hardy type discrete inequalities
Proof. Apply Ho¨lder's inequality to estimate the right hand side of the above inequality as follows:
Such that here
From definition of Beta function, we get
Therefore, we have
Now,
Using definition of Beta function, we have
Similarly, we can write T and R as follows: This completes the proof. h Remark 2.3.
1. Setting p = q = r = 3 in (2.29), we get
